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Abstract

In this paper, we present an efficient implementation of a state-of-the-art high-resolution explicit scheme for the shal-
low water equations on graphics processing units. The selected scheme is well-balanced, supports dry states, and is
particularly suitable for implementation on graphics processing units. We verify and validate our implementation, and
show that use of efficient single precision hardware is sufficiently accurate for real-world simulations. Our framework
further supports real-time visualization with both photorealistic and non-photorealistic display of the physical quanti-
ties. We present performance results showing that we can accurately simulate the first 4000 seconds of the Malpasset
dam break case in 27 seconds using over 480000 cells (dx = dy = 15 m), in which our simulator runs at an average
of 530 megacells per second.

1. Introduction

We present a state-of-the-art implementation of a second-order explicit finite-volume scheme for the shallow wa-
ter equations with bed slope and bed shear stress friction terms. Our implementation is verified against analytical
data, validated against experimental data, and we show extensive performance benchmarks. We start by giving an
introduction to graphics processing units (GPUs), the shallow water equations, and the use of GPUs for simulation
of conservation laws in this section. We continue in Section 2] by presenting the mathematical model and discretiza-
tion of the selected scheme. In Section [3] we present our implementation, followed by numerical and performance
experiments in Section ] and we give our concluding remarks in Section [5]

1.1. Graphics Processing Units

Research on using GPUs for scientific computing started over a decade ago with simple academic tests that demon-
strated the use of GPUs for non-graphics applications. Since then, the hardware has evolved from simply accelerating
a set of predefined graphics functions for games to being used in the worlds fastest supercomputers [36]]. The Chinese
Nebulae supercomputer, for example, uses Tesla GPUs from NVIDIA. These cards offer over 500 gigaflops in double
precision performance, twice that in single precision, and up-to 6 GB RAM accessible at 148 GB/s. Compared to
the state-of-the-art six core Intel Core 17-980X, this is roughly six times the performance and bandwidth. In addition
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to having a higher peak performance, these GPUs also offer fast, albeit less accurate, versions of trigonometric and
other functions, that can be exploited for even higher performance. Researchers have efficiently exploited these GPU
features to accelerate a wide range of algorithms, and speedups of 5-50 times over equivalent CPU implementations
have been reported (see e.g., [6,31]).

Today, most scientific articles utilizing GPUs use cards from NVIDIA and program them using CUDA, a C-based
programming language for parallel execution on GPUs. CUDA has been widely used by both industrial and academic
groups, and over 1100 applications and papers in a wide range of fields have been added to the NVIDIA CUDA
Showcase [28] since 2007. Browsing through the CUDA Showcase, it quickly becomes apparent that there is a race
to report the largest attained speedup. At the time of writing of the present article, there were 465 papers reporting
speedups. Out of these 115 claimed a speedup of 100 or more, 18 claimed a speedup of 500 or more, and one reported
a stunning speedup of 2600. With a theoretical performance gap on the order of six times for the fastest available
hardware today, we believe many of these claims to be misleading, at best. In fact, Lee et al. [23]] support this view in
a recent comparison of 14 algorithmic kernels, and report an average speedup of only 2.5 times. Whilst one can argue
that a paper featuring Intel-engineers only might favor Intel CPUs, and comparison of a mid 2008 GPU with a late
2009 CPU can be rightfully criticized, their benchmarks clearly illustrate that a 100 times speedup is not automatically
achieved by simply moving an algorithm to the GPU. We believe that fair comparisons between same-generation
hardware of the same performance class, with reporting of the percent of peak performance, would be considerably
more meaningful and useful than escalating the speedup race. Such comparisons make it easier to compare efficiency
across algorithms and for different hardware.

Both the strengths and the weaknesses of GPUs come from their architectural differences from CPUs. While
CPUs are traditionally optimized for single-thread performance using complex logic for instruction level parallelism
and high clock frequencies, GPUs are optimized for net throughput. Today’s GPUs from NVIDIA, exemplified by the
GeForce GTX 480, consist of up-to 15 SIMD cores called streaming multiprocessors (SM). Each SM holds 2 x 16
arithmetic-logic units that execute 2 x 32 threads (two warps) in SIMD-fashion over two clock cycles. The SMs can
keep multiple warps active simultaneously, and instantly switch between these to hide memory and other latencies.
One SM can hold a total of 48 active warps, meaning we can have over 23 thousand hardware threads in flight at the
same time [29]]. This highly contrasts with the relatively low value of 48 operations for current CPUs (6 cores x 4-way
SIMD X 2 hardware threads). Thus, the programming model of GPUs is very different from that of CPUs, and we
especially need to take the algorithm and architecture interaction into account for efficient hardware utilization. For a
detailed overview of GPU hardware and software, we refer the reader to [6} |31]].

1.2. The Shallow Water Equations

The shallow water equations describe gravity-induced motion of a fluid with free surface, and can model physical
phenomena such as tidal waves, tsunamis, river flows, dam breaks, and inundation. The system is a set of hyperbolic
partial differential equations, derived from the depth-averaged Navier-Stokes equations. As such, solutions of the
shallow water equations are only valid for problems where the vertical velocity of the fluid is negligible compared to
the horizontal velocities. Luckily, this criteria applies to many situations in hydrology and fluid dynamics, where the
shallow water equations are widely used. For hyperbolic equations in general, the domain of dependence is always a
bounded set. For the shallow water equations, this means we can solve the system using an explicit scheme, since the
waves travel at a finite speed. Furthermore, the intrinsic parallelism of explicit schemes makes them particularly well
suited for implementation on modern GPUs.

1.3. Conservation Laws on Graphics Processing Units

Using GPUs for the numerical simulation of conservation laws is not a new idea. In fact, the use of GPUs for
such simulations was introduced at least as early as 2005, when one had to map the computations to operations on
graphical primitives [14]]. Since then, there have been multiple publications regarding conservation and balance laws
on GPUs [13} 115} 14,15, 118 1391 31 [1]].

Several authors have published implementations of explicit schemes for the shallow water equations. Hagen et
al. [14] implemented multiple explicit schemes on the GPU using OpenGL, including a high-resolution second-order
finite volume scheme very similar to the one we examine here, and demonstrated a 15-30 times speedup over an
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Figure 1:|(a)|Shallow water flow over a complex bottom topography and definition of variables;|(b)|conserved variables
@ are discretized as cell averages and the bottom topography, B, is represented as a piecewise bilinear function in
each cell based on its values at the grid cell intersections; [(c)| reconstruction of free-surface slopes of each cell using
generalized minmod flux limiter; |(d)| modification of free-surface slopes with wet-dry contact to avoid negative water
depth; point values at the same spatial integration point reconstructed from the left and right free-surface slopes;
and @] fluxes computed at each cell interface using the central-upwind flux function [20].

equivalently tuned CPU implementation on same-generation hardware. Liang et al. [26] present a second-order Mac-
Cormack scheme including friction described by the Manning equation implemented using OpenGL. They report a
speedup of two for their whole algorithm on a laptop, and up-to 37000 for one of their kernels compared to the CPU.
They also visualize their results, by first copying the data to the CPU, and then transferring it back to the GPU again.
Lastra et al. [22]] implemented a first-order, finite-volume scheme using the graphics languages OpenGL and Cg, pre-
senting over 200 times speedup for a 2008 CPU versus a 2004 GPU. de la Asuncidn et al. [9] explore the same scheme
using CUDA, and show a speedup of 5.7 in double precision on same-generation hardware. They report a 43% utiliza-
tion of peak bandwidth and 13% of peak compute throughput for the whole algorithm. They further compared single
versus double precision, reporting numbers indicating that single precision calculations are not sufficiently accurate.
The same authors have reported similar findings [8] after extending their implementation to support also two-layer
shallow water flows. Brodtkorb et al. [7]] implemented three second-order accurate schemes on the GPU, comparing
single versus double precision, where single precision was found sufficiently accurate for the implemented schemes.
They further report an 80% instruction throughput for computation of the numerical fluxes, which is the most time
consuming part of the implementation.

1.4. Paper Contribution

We build on the experiences of Brodtkorb et al. [7], and present a completely new state-of-the-art implementation of
the Kurganov-Petrova scheme [21]. We have chosen this scheme for several reasons: it is well-balanced, conservative,
second order accurate in space, supports dry zones, and is particularly well suited for implementation on GPUs. It
has furthermore been shown that single precision arithmetic is sufficiently accurate for this scheme, enabling the use
of efficient single precision hardware. Novelties in this paper include: per-block early exit optimization; verification
and validation; a 31% decrease in memory footprint; semi-implicit physical friction terms; first order temporal time
integration; multiple boundary conditions; simultaneous visualization with multiple visualization techniques; and
extensive performance benchmarks.



2. Mathematical Model

The shallow water equations in two dimensions with bed slope and bed shear stress friction terms can be written
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Here h is the water depth, and hu and hv are the discharges along the abscissa and ordinate, respectively. Furthermore,
g is the gravitational constant, B is the bottom topography measured from a given datum, and C, is the Chézy friction
coefficient (see also Figure [Ta). We employ Manning’s roughness coefficient, n, in our scheme using the relation
C, = h'/6/n. In vector form, we write the system of equations as

Qi+ F(Q)+G(Q) = Hp(Q,VB) + Hs(Q), 2)

where () is the vector of conserved variables, F' and G represent fluxes along the abscissa and ordinate, respectively,
and Hp and H are the bed slope and bed shear stress source terms, respectively.

The numerical scheme developed by Kurganov and Petrova [21] for these equations is well-balanced, which means
that for u = v = 0 the free-surface elevation, w, measured with respect to the same datum as B, remains constant. This
requires that the numerical fluxes F'+ G perfectly balance the bed slope source term Hp. Developing a well-balanced
scheme is typically difficult when using the physical variables [h, hu, hv]T, but achievable by switching to the set of
derived variables [w, hu, hv]T (see Figure . Thus for the remainder of this article, we use Q = [w, hu, hv]T, in
which @I) is rewritten using h = w — B (see [21] for a detailed derivation).

2.1. Spatial Discretization

The spatial discretization of the Kurganov-Petrova scheme is based on a staggered grid, where @ is given as cell
averages, B is given as a piecewise bilinear surface defined by the values at the four cell corners, and fluxes are
calculated at integration points at the midpoint of each grid cell interface (see also Figure[d)). The spatial discretization
can then be written

dQij
dt

= Hf(Qij) + Hp(Qij; VB) = [F(Qit12,5) — F(Qi—1)2)] — [G(Qijs1/2) — G(Qij-1/2)]
= H(Qij) + R(Q)ij-

To compute the fluxes F' and G across the cell interfaces, we perform the computations outlined in Figure[I] From the
cell averages in Figure [Tb] we reconstruct a piecewise planar surface for @ in each cell (Figure[Ic). A problem with
this reconstruction is that we will typically end up with negative values for h at the integration points near dry zones.
Without addressing these negative values, our scheme will not handle dry zones, as the eigenvalues of the system are
u % +/gh. In the scheme, the slope reconstruction is initially performed using the generalized minmod flux limiter,
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where f, ¢, and b are the forward, central, and backward difference approximations to the derivative, respectively.
The parameter 6 is used to control the numerical viscosity of the scheme, and we use # = 1.3 which is close to the
optimal value [19]. This reconstruction, however, does not guarantee non-negativeness of h. To handle dry zones,
Kurganov and Petrova propose to simply alter the slope of w so that the value of & at the integration points becomes
non-negative (compare Figure [Tc] with Figure [Td). Because we have a bilinear bottom topography and planar water
elevation, we can guarantee non-negativeness for four integration points per cell when the cell average is non-negative.
This, however, limits the spatial reconstruction to second-order accuracy. It should also be noted that this handling
of dry zones violates the well-balancedness of the scheme along the wet-dry interface, causing small initial waves
emerging from these cells. However, for most cases, these waves will have a negligible affect on the solution.



After having altered the slopes, we reconstruct point values for each cell intersection from the two adjacent cells
(QT and Q~ in Figure , and compute the flux shown in Figure using the central-upwind flux function [20]. A
difficulty with these computations related to dry zones is that we need to calculate © = hu/h. This calculation leads
to large round-off errors as h approaches zero, which in turn can lead to very large velocities and even instabilities.
Furthermore, as the timestep is directly proportional to the maximal velocity in the domain, this severely affects the
propagation of the solution. To avoid these large velocities, Kurganov and Petrova desingularize the calculation of u
for shoal zones (h < k) using

B V2h(hw)
VBT + maz(hE k)

This has the effect of dampening the velocities as the water depth approaches zero, making the scheme well-behaved
even for shoal zones. Determining the value of x, however, is difficult. Using too large a value yields large errors
in the results, and setting it too low gives very small timesteps, Kurganov and Petrova used x = max{Az*, Ay*} in
their experiments. This approach is insufficient for many real-world applications, such as the Malpasset dam break
case (used in Section[d) where Az = Ay = 15 m. Thus, we suggest using

k = Komax {1, min{Axz, Ay}} (6)
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as an initial guess, with Ky = 102 for single precision calculations, and a smaller constant for double precision. This
gives a linear proportionality to the grid resolution, which we find more suitable: for example, for a 15 meter grid cell
size our approach desingularizes the fluxes for water depths less than 15 cm. Numerical round off errors may also
make very small water depths negative, independent of the value of x. We handle this by setting water depths less than
€m to zero, where ¢,, is close to machine precision.

To be well-balanced and capture the lake at rest case, the bed slope source term needs to be discretized carefully
to match the flux discretization. However, due to the alteration of the slopes of w to guarantee non-negativeness at the
integration points, we get nonphysical fluxes emerging from the shores (see Figure[Ic|and[Id). These fluxes, however,
are small, and have minimal effect on the global solution for typical problem setups.

2.2. Temporal Discretization

In (3) we have an ordinary differential equation for each cell in the domain. Disregarding the bed shear stress
for the time being, we discretize this equation using a standard second-order total variation diminishing Runge-Kutta
scheme [34],

Qij = QU + AtRQ");
Qi = 307 + 5 [Q5; + AtR(Q7)]

where the timestep, At, is restricted by a CFL condition that ensures that disturbances travel at most one quarter grid
cell per time step,

)

At < %min{Az/manﬂu + \/ﬁ|,Ay/maxQ|v + \/g71|} = Z (8)

Kurganov and Petrova used a linear friction term to describe the bed shear stress. To model real-world floods, we
require a more accurate description of the bed shear stress, and we here use a semi-implicit discretization,
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where [ 7 fj) is computed explicitly from @ at timestep k. Adding @) to (7) and reordering, we get
Qi; = [Q + AtR(Q™)i;) /[1 + AtH(Q35)]
Qi = (391 + @ + AtR@Q")y] | /[1 + SAUH(@;),

where all terms on the right hand side are explicitlicalculated. We can also use a first order accurate Euler scheme,
(10)

which simply amounts to setting QZ-H =@Qj; in

(10)
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Figure 2: The program flow of our applications. Initialize sets up the simulator class with initial conditions, and step
runs one timestep on the GPU. We can also save results in netCDF files and visualize them directly using OpenGL.

3. Implementation

We have implemented a simulator with visualization using C++, OpenGL [33]], and NVIDIA CUDA [29]. The
implementation consists of three parts: a C++ interface and CPU code, a set of CUDA kernels that solve the numer-
ical scheme on the GPU, and a visualizer that uses OpenGL to interactively show results from the simulation. The
simulation is run solely on the GPU, and data is only transferred to the CPU for file output.

3.1. C++ interface and CPU code

Our C++ interface consists of a relatively simple class that handles data allocation, initialization and deallocation;
movement of data between the CPU and the GPU; and invoking CUDA kernels on the GPU. The API for the simulator
is easy and clean, and it is possible to set up and run a simulation in about 5-10 lines of code without knowledge of
implementation details. We have implemented several applications that use this interface, including one that writes
results to netCDF [27] files, an open and standardized file format commonly used to store geophysical data, and
one that runs real-time visualization of the simulation using OpenGL. Our applications further supports continuing
simulations stored in netCDF files. This is done by initializing the simulator with the bottom topography and the
physical variables for the last timestep in the file.

Figure 2] shows the program flow for our applications. The applications start by initializing the simulator class, and
continues by entering a loop where we perform timesteps. Because each timestep is variable, we do not know, a priori,
how many timesteps we need to perform per unit simulation time. Thus, to save or visualize the results at regular
simulation time intervals, we check the current simulation time after each timestep and only exit the simulation loop
when the desired simulation time has been reached.

Our C++ class allocates the GPU data required to pass information between kernels. Brodtkorb et al. [7] stored
approximately 16 values per grid cell: two for B, three for @, three for Q*, three for F, three for G, and two for the
non-zero source terms. B was represented at the grid intersections and also at the center of cells as a performance
optimization. In our approach, however, we have reduced this to only 11 values per grid cell by combining F), G,
and the two non-zero source terms into three values for K. This reduces the number of values we have to transfer
to and from global memory dramatically, and reduces the memory footprint by approximately 31%. However, this
complicates the implementation of the flux calculation, as will be detailed later.

We have used single precision in our kernels and storage, which has several benefits compared to double precision:
data transfers and arithmetic operations can execute at least twice as fast, and all data storage in registers, shared and
global memory, takes half the space. Brodtkorb et al. [[7] have previously shown that single precision is sufficiently
accurate for the selected scheme: errors in the measured bathymetry and errors caused by handling of the wet-dry
interface will typically shadow the errors imposed by the use of single precision. However, it is also trivial to construct
synthetic cases in which both single and double precision is insufficiently accurate: setting the water depth close to
the machine precision will cause all fluxes to have very large errors. A possible extension to our current simulator to
better handle such cases is thus to use double precision for part of or all of the calculations and storage.
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Figure 3: Zoom of the step function in Figure 2| that shows our CUDA kernels. In the first substep, () calculates R,
(@ finds the maximum At, (3) calculates H; and QQ*, and (+) enforces boundary conditions on Q*.

3.2. CUDA Kernels

Figure [3] shows how our numerical scheme is computed by executing seven CUDA kernels in order. One full
time-step with the second-order accurate Runge-Kutta scheme runs through both the first and second substep, whilst
running only the first substep reduces to the first order accurate Euler scheme. Thus, for second-order accuracy, we
perform around twice the number of calculations. Within each substep we (i) calculate the fluxes and bed slope source
terms, (o) find the maximum timestep, ;) compute bed shear stress source terms and evolve the solution in time, and
(») apply boundary conditions. Inbetween these kernels, we store results in global memory and implicitly perform
global synchronization. It would be more efficient if we could perform the full scheme using only a single kernel,
however, this is not possible: applying boundary conditions requires the evolved timestep; evolving the solution in
time requires the fluxes and maximum timestep; and computing the maximum timestep requires the eigenvalues for
all cells that are computed by the flux kernel. One could combine the boundary conditions kernel with either the time
integration or the flux kernel, yet this would involve additional branching that quickly outweigh the performance gain
from launching one less kernel.

Modern GPUs from NVIDIA consist of a set of SIMD processors that execute blocks in parallel. Each block
consists of a predefined number of threads, logically organized in a three-dimensional grid. Threads in the same block
can cooperate and share data using on-chip shared memory. For high performance we need to have a good block
partitioning, and choosing a “wrong” block configuration will severely affect kernel performance. However, there are
several conflicting criteria for choosing the optimal block size. The optimal block size also varies from one GPU to
another, especially between major hardware generations. In the case of the GPU used for the present work, i.e., the
NVIDIA GeForce GTX 480, the following factors were observed to affect the performance:

Warp size The hardware schedules the same instruction to 32 threads, referred to as a warp, in SIMD fashion. Thus,
for optimal performance, we want the number of threads in our block to be a multiple of 32.

Shared memory access Shared memory is organized into 32 banks, which collectively service one warp every other
clock cycle. If two threads access the same bank simultaneously, however, the transaction takes twice as long.
Thus, the width of our shared memory should be a multiple of 33 to avoid bank conflicts both horizontally and
vertically.

Shared memory size Keeping frequently used data in shared memory will typically yield performance gains. Thus,
we want to maximize the domain kept in shared memory. We also want to keep it as square as possible to
maximize the ratio of internal cells to local ghost cells required by the computation (see Figure ).

Number of warps per streaming multiprocessor Each multiprocessor can keep up-to 48 active warps simultane-
ously, as long as there are available hardware resources (such as shared memory and registers). Increasing the
number of active warps increases the occupancy, which is a measure of how well the streaming multiprocessor
can hide memory latencies. The processor uses this occupancy by instantaneously switching to other warps
when the current warp stalls, e.g., due to a data dependency. Thus, we want as many warps per multiprocessor
as possible.

Global memory access Global memory is moved into the processor in bulks, reminiscent of the way CPUs transfer
full cache lines. For maximum performance, the reads from global memory should be 128 byte sequential, and
the start address should be aligned on a 128 byte border (called coalesced accesses). This means that our block
width should make sure that global reads start at properly aligned addresses. If we violate these rules, however,
we can still benefit from the caching on CUDA compute 2.0 capable cards from NVIDIA.
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Figure 4: Domain decomposition and variable locations. The global domain is padded (&) to fit an integer number of
blocks. Each block () has local ghost cells (¢) that overlap with other blocks to satisfy the data dependencies dictated
by the stencil (). Our data variables (), R, Hp, and Hy are given at grid cell centers (»), and B is given at grid cell
corners ().

Flux Calculation. The flux kernel is the computationally most expensive kernel in our implementation. Its main task
is to compute R;; from . This is done by computing the flux across all the cell interfaces, the bed slope source term
for all cells, and summing to find the net contribution to each cell. This contrasts the approach of Brodtkorb et al. [7]],
where the calculation of the net contribution per cell was done in the time integration kernel. Comparing the two, our
new approach stores fewer floating-point values per cell, enabling us to reduce the memory footprint on the GPU.

Before we launch our kernel, we start by performing domain decomposition, yielding high levels of parallelism
suitable for the execution model of GPUs. Figure[d]illustrates how our global domain is partitioned into blocks that can
be calculated independently by using local ghost cells. We use a block configuration of 16 x 12 = 192 threads where
we have one thread per cell. This size is a compromise between the above mentioned optimization guidelines that has
yielded the best performance. Our block size is a multiple of 32 which fits with the warp size. Our shared memory
size uses almost all of the 16 KB available, and it is relatively square (20 x 16 including local ghost cells). It does not,
however, ensure that we have no bank conflicts. Making the width 33, thus 29 threads wide block size, would solve
this at the expense of other optimization parameters such as warp size. For our flux kernel, we also have the option
of configuring the shared memory as 48 KB L1 cache and 16 KB shared memory, or 16 KB L1 cache and 48 KB
shared memory. We have found that for our kernel, using 48 KB L1 shared memory yielded the best performance.
However, we only use 16 KB per block, meaning we can fit several blocks per streaming multiprocessor. Through
experimentation, we have found that using three blocks, corresponding to 18 warps, yielded the best performance.
Using too many warps exhausts the register file, meaning that some registers are spilled to local memory. Using
too few warps may cause the processor not to have enough warps to select from when some are stalled by latencies.
Finally, due to the local ghost cells of our blocks, we are unable to fulfill coalescing rules. Fortunately, however, we
do benefit from the 16 KB L1 cache, and 768 KB L2 cache. On older graphics cards, one could use the texture cache
for better performance of uncoalesced reads. However, using the L1 and L2 cache on compute 2.0 capable cards is
superior in performance to using the texture cache [30].

When launching our kernel, we start by reading from global memory into on-chip shared memory. In addition
to the interior cells of our block, we need to use data from two neighbouring cells in each direction to fulfill the data
dependencies of the stencil. After having read data into shared memory, we proceed by computing the one dimensional
fluxes in the  and y directions, respectively. Using the steps illustrated in Figure[I] fluxes are computed by storing
all values that are used by more than one thread in shared memory. We also perform calculations collectively within
one block to avoid duplicate computations. However, because we compute the net contribution for each cell, we have
to perform more reconstructions and flux calculations than the number of threads, complicating our kernel. This is
solved in our code by designating a single warp that performs the additional computations; a strategy that yielded a
better performance than dividing the additional computations between several warps. This comes at the expense of a
more complex flux kernel, but it greatly simplifies, and increases the performance, of the time integration kernel.



The first of our calculations is to reconstruct the value of B at each interface midpoint, so that we have the value
of B properly aligned with ). This calculation is performed every timestep as a performance trade-off; in order to
reduce memory and bandwidth usage. We continue by reconstructing the slopes of () using the branchless generalized
minmod slope limiter [13]. The slopes of w are then adjusted to guarantee non-negative values at the integration
points, according to the scheme. With the slopes calculated we can reconstruct point values at the cell interfaces, Q"
and (), and from these values compute the fluxes. We also compute the bed slope source term, sum the contributions
for each cell, and write the results to global memory.

The flux kernel is also responsible for computing r in (8) for each integration point, in which the global minimum
is used to calculate the maximum timestep. A problem with calculating r is that for zero water depths, we get division
by zero. We solve this in our code by setting r = min{Az/ max(e,,,u + /gh), Ay/ max(e,, v + v/gh)}, where
€m 1s close to machine epsilon. Furthermore, instead of storing one value per integration point, we perform efficient
shared memory reduction to find the minimum r in the whole block at very little extra cost. This reduces the number
of values we need to store in global memory by a factor 192, yielding a two-fold benefit: we transfer far less data, and
the maximum timestep kernel needs to consider only one value per block.

Maximum timestep. The maximum timestep kernel is a simple reduction kernel that computes the maximum timestep
based on the minimum 7 for each block. Finding the global minimum is done in a similar fashion to the reduction
example supplied with the NVIDIA GPU Computing SDK. We use a single block where thread %, strides through
the dataset, considering elements ¢,, + k - n, where n is the number of threads. This striding ensures fully coalesced
memory reads for maximum bandwidth utilization. Once we have considered all values in global memory, we are left
with n values that we reduce using shared memory reduction, and we compute the timestep as At = 0.257. Also here,
the block size has a large performance impact. Using fewer threads than the number of elements gives us a sub-optimal
occupancy, and using too many threads launches warps where not a single thread is useful. Thus, to launch a suitable
number of threads for varying domain sizes we use template arguments to create multiple realizations of the reduction
kernel: we generate one kernel for 1,2,4, ..., 512 threads, and select the most suitable realization at runtime.

Time integration. The time integration kernel performs a domain partitioning similarly to the flux kernel, but we
here use a block size of 32 x 16 = 512 threads as we are not limited by shared memory: our computations are
embarrassingly parallel, and we do not require any local ghost cells. We can thus achieve full coalescing for maximum
bandwidth utilization. This is also an effect of storing only the net contribution, R for each cell, as opposed to storing
both the fluxes and non-zero source terms. The kernel starts by reading ) and R into per-thread registers, and then
computes the bed shear stress source term, H ¢ The timestep, At, is also read into registers, and we evolve the solution
in time.

Boundary conditions. We have selected to implement boundary conditions using global ghost cells. As our scheme is
second-order accurate, we need two global ghost cells in each direction that are set for each substep by the boundary
conditions kernel. This makes our flux kernel oblivious to boundary conditions, which means we do not have to
handle boundaries differently from cells in the interior of our domain. We have implemented four types of boundary
conditions: wall, fixed discharge (e.g., inlet discharge), fixed depth, and free outlet. To implement these conditions,
we need to fix both the cell averages and the reconstructed point values, QT and Q~. To do this, we utilize an
intrinsic property of the minmod reconstruction. Recall that this reconstruction uses the forward, backward, and
central difference approximation to the derivative, and sets the slope to the least steep of the three, or zero if any of
them have opposite signs. Thus, by ensuring that the least steep slope is zero, we can fix the reconstructed point
values to any given value. Wall boundary conditions are implemented by mirroring the two cells nearest the boundary,
and changing the sign of the normal discharge component. Fixed discharge is implemented similarly, but the normal
discharge is set to a fixed value, and fixed depth boundaries set the depth instead of the discharge to the requested
value. Finally, free outlet boundaries are implemented by copying the cell nearest the boundary to both ghost cells. It
should be noted that our free outlet boundary conditions give rise to small reflections in the domain, as is typical for
this kind of implementation (see e.g., [24]]). We have further developed our fixed discharge and fixed depth boundary
conditions to handle time-varying data. By supplying a hydrograph in the form of time-discharge or time-depth pairs,
our simulator performs linear interpolation between points and sets the boundary condition accordingly. These types
of boundary conditions can easily be used to perform, e.g., tidal wave, storm surge or tsunami experiments.
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Figure 5: Auxiliary buffer used to store whether blocks contain water or not. The presence of one single wet cell in a
block is sufficient to consider the whole block as wet.

The boundary conditions are applied to the four global boundaries in a single kernel call in a very efficient fashion.
At compile-time, we generate one kernel for each combination of boundary conditions, and we select which kernel to
execute at run-time. We have ten different realizations to optimize for different domain sizes (similarly to the maximum
timestep kernel), and five for the different boundary conditions for each of the edges. This totals to 10 x 5% = 6250
optimized kernel realizations, which exceeds what the linker is capable of handling. To circumvent this compiler issue,
we reduce the number of realizations by disregarding optimization for domain sizes where the width and height are
both less than 64 cells, leading to only 2500 kernel realizations. Disregarding optimizations for the small domain sizes
is not a big loss, since using the GPU is most efficient for large domain sizes. It should be mentioned that since this
approach creates a large number of optimized kernels we get a large file size for the compiled executable. It is also
possible to completely skip boundary conditions, to gain performance. This can safely be done when the domain has
dry boundaries.

A weakness in our current implementation is the lack of support for mixed boundary conditions within each
boundary. We can implement mixed boundaries using two auxiliary buffers for each edge. The first buffer describes
the type of boundary condition, e.g., using an integer, and the second holds a value to be used by the boundary
condition (e.g., water depth for fixed depth boundaries). However, such an implementation would be quite complex,
require more data accesses, and impose additional branches. Thus, it might be a difficult task to implement a very
efficient mixed boundary conditions kernel. On the other hand, the ability to run several kernels simultaneously on
compute 2.0 capable cards might enable a different approach, where multiple kernels running simultaneously each
handles a part of the boundary conditions.

3.2.1. Early Exit Optimization

The flux and time integration kernels both divide the computational domain into blocks that can be computed
independently. However, if a block does not contain water at all, we can simply skip all computations for that block.
Unfortunately, we do not a priori know whether or not a block contains water. In our early exit optimization, we use
the same block size for the time integration kernel and the flux calculations kernel to enable each block to skip the
computations if it does not contain water. In the time integration kernel, we let each block perform shared memory
reduction to find out if this block contains any water at all, and write to an auxiliary buffer (see Figure[5). In the flux
kernel we then read from this buffer, and if the block and its four closest neighbouring blocks are dry, we can skip
flux calculations all together. We need to check the neighbouring blocks due to our local ghost cells that overlap with
these blocks. This optimization has a dramatic effect on the calculation time for domains with a lot of dry cells, as is
typical for flooding applications. We have also developed this technique to mark cells where the source terms perfectly
balance the fluxes (R = 0) as “dry”. This extends the early exit strategy to also optimize for wet blocks where the
steady state property holds. However, there is a small penalty to pay for using early exit, as reading and writing the
extra data and performing the shared memory reductions takes a small amount of time to complete. To cope with
this problem, we therefore perform runtime analysis of the kernel execution time. Once the kernel execution time for
the early exit kernel exceeds the execution time for the regular kernel, we swap over to using the regular kernel. In
addition, we also perform a probe every hundredth timestep in order to use the most efficient implementation at all
times. This probe has a negligible effect on the performance, and ensures that we use the most efficient kernel. The
approach can also automatically be used where one has sources and sinks in the interior of a domain by implementing
sources and sinks as changes to R, thus violating the lake-at-rest property.
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Figure 6: Two visualizations of the Malpasset dam break at ¢ = 2032.56 seconds after the breach. We can visualize
the results using the Fresnel equations, yielding a water surface with both reflection and refraction (left). We can also
visualizes the physical variables using a color transfer function, here show for the water depth (right).

3.3. OpenGL Visualizer

We have implemented a direct visualization using OpenGL, which was originally presented in [[7]. A new feature
in this implementation is the use of a more efficient data path between CUDA and OpenGL, which is enabled by the
new graphics interoperability provided by CUDA 3.0. We have also implemented a non-photorealistic visualization
that provides a different view of the simulation results. The terrain is rendered by draping it with a user-selectable
image (such as a satellite or orthophoto image) and light-set using a static normal map. Several options are available for
rendering the water surface. The first method is the photorealistic rendering, where the Fresnel equations are employed
to calculate reflection and refraction of rays hitting the water surface as shown in Figure[6] As an alternative, we also
provide the possibility of viewing the data using a color transfer function, also shown in Figure[§] We use interpolation
between colors in the HSV color space, and the figure shows the water depth where one full color cycle corresponds
to 15 m (one Ax in the simulation).

4. Experiments

We have performed several experiments with our implementation. We first present validation against a two-
dimensional test problem where there is a known analytical solution. We then present verification against a real-world
dam break, and finally we present performance experiments with several different datasets to show performance and
scalability. Our benchmarks have been run on a machine with a 2.67 GHz quad core Intel Core 17 920 CPU with 6 GiB
RAM. The graphics card is an NVIDIA GeForce GTX 480 with 1.5 GiB RAM in a PCI-express 2.0 x 16 slot in the
same system. In the results we present, we have compiled our CUDA source code with CUDA 3.0 using the compiler
options

—arch=sm_20 //Generate compute 2.0 ptx code
-use_fast_math //Use fast, but less accurate math functions
-ftz=true //Flush denormal numbers to zero

-prec-div=false //Use fast, but inaccurate division
-prec-sqrt=false //Use fast, but inaccurate square root
—Xptxas -dlcm=ca //Enable L1 and L2 caching of global memory

These options sacrifice precision for performance, enabling fast execution on the computational hardware. As will be
evident from our verification and validation experiments, however, this does not hinder the models ability to capture
analytical solutions and real-world flows.
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Figure 7: Simulation of oscillating water in a parabolic basin, compared to the analytical solution. The solid line is
the analytical solution, and the circles are the computed values (only wet cells marked).

4.1. Verification: Oscillations in a Parabolic Basin

The analytical solution of time dependent motion in a friction-less parabolic basin described by Thacker [35] was
chosen as the first test case for model verification. In this two-dimensional case, we have a parabolic basin where a
planar water surface oscillates. More recently, Sampson et al. [32] extended the solutions of Thacker to include bed
friction, however restricted to one dimension. These test problems have been used by several authors previously (see
e.g., [25] and references in Sampson [32]) and, thus, can serve as a comparison with other numerical model results.
In our test setup, which is identical to that presented by Holdahl et al. [[17]], we have the parabolic bottom topography
given as

B(z,y) = Do [(2* +y*)/L* — 1] (1)

The water elevation and velocities at time ¢ are defined as

w = 2ADy(x coswt + ysinwt + LBy)/L?

u = —Awsinwt

w = /2Dy /L2 (12)

v = +Aw coswt.

We use the parameters Dy = 1, L = 2500, A = L/2, and By = —A/2L, set the manning coefficient n = 0, the
gravitational constant ¢ = 1, the desingularization epsilon x = 0.01, and use 100 x 100 grid cells with the second-
order accurate Runge-Kutta time integrator scheme. Figure[7)shows our results for four snapshots in time compared to
the respective analytical solutions. The figure clearly indicates that our implementation captures the analytical solution
well for the water surface elevation. For the velocities, however, we see that there is a growing error along the wet-dry
boundary that eventually also affects the elevation. This error is difficult to avoid, and is found in many schemes (see

e.g., [170).
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Figure 8: Validation against the maximum water elevation (left) and arrival time (right) from the Malpasset dam break
case. The domain consists of 1099 x 439 cells with Az = Ay = 15 meters. For both figures, the solid line represents
the experimental data, and the symbols are the simulation results.

4.2. Validation: The Malpasset Dam Break

The Malpasset dam, completed in 1954, was a 66.5 meter high double curvature dam with a crest length of over 220
meters that impounded 55 million cubic meters of water in the reservoir. Located in a narrow gorge along the Reyran
River Valley, it literally exploded after heavy rainfall in early December 1959. Over 420 casualties were reported
due to the resulting flood wave. This dam break is a unique real-world case, in that there exists front arrival time and
maximum water elevation data from the original event, in addition to detailed data from a scaled model experiment [[12|
10]. However, due to large changes to the terrain as a result of the flood, the digital bottom topography had to be
reconstructed from a 1:20000 map dated 1931. The original dataset contains a total of 257622 unstructured points,
and our regular Cartesian grid, identical to that of Ying and Wang [40], consists of 1100 x 440 bottom topography
values spaced equally by 15 meters. This results in 1099 x 439 cells with Ax = Ay = 15 m. We set the Manning
coefficient to n = 0.033 m!/ 33, the desingularization epsilon, K = 40 c¢m, and simulate the first 4000 seconds after
the breach. The desingularization epsilon is set rather high compared to our suggested initial guess of 15 ¢m. This
value was chosen through experimentation: setting it to a lower value increased the computational time, while higher
values did not dramatically decrease this time. A sensitivity analysis of the parameter would be useful to further justify
its setting, but this is outside the scope of the current work. Our experiments show that using the first order accurate
Euler scheme compared to the second order accurate Runge-Kutta integration scheme gives minimal changes in the
results, and we therefore present results using the Euler scheme which is less computationally intensive.

Figure [§] shows our simulation results compared with the experimental data from a 1:400 scaled model [10]]. The
largest discrepancy is for gauge 9 for the maximum water elevation, and gauge 14 for the arrival time. These large
discrepancies are also found in other published results of this case, and our results compare well with these (see
e.g., 2,116} 138} 140[)

4.3. Performance Experiments

To assess the performance of our simulator, we have benchmarked our code on a set of well known test cases.
Our first case is an idealised circular dam break [37 24], meaning that the dam collapses instantaneously. The dam
is located at the center of a 40 x 40 metre domain as shown in Figure Da] where we employ wall boundaries. The
second case is a dam break through a 45° bend, as used in the CADAM project [11]. Experimental set up consists
of a reservoir connected to a ~ 0.5 m-wide rectangular channel with a horizontal bottom by a 0.33 m-high positive
step. The channel makes a sharp 45° bend to the left about 4 m downstream from the reservoir and is initially filled
with water up to a depth of 0.01 m (see Figure[9b). The south and west boundaries are set as wall boundaries, and the
north and east boundaries are free outlet.

Figure [I0] shows the absolute performance of our implementation in megacells (millions of cells processed) per
second, where we generate both cases for a large number of different domain sizes. We run the simulator to four
seconds simulation time for case 1, in which the wave is roughly three metres from the edge having reached 57%
of the domain. For the second case, the percentage of the domain covered by wet cells is constant, and we run our

13



40.0 m

40.0 m
(a) Case 1

Figure 9: Dam break test cases used for performance benchmarks. The dotted lines indicate the location of the dams
that are instantaneously removed at simulation start. In Case 2 the bottom topography of the area outside the reservoir

and the canal is set to 2 m.

400

2.44m

2.39m b@““
o
o
g A
0 (i
h=058m |~
B=-0.33m 3.92m
h=00lm, B=0m
0.445 m 4.25m
2.39m
(b) Case 2

350

300

@ I®

200
150

Megacells/s

100

50

—

Figure 10: Absolute performance of our implementation as a function of domain size when calculating all cells (left),
and when only calculating “wet” cells (right). (») and (¢) correspond to the dam break through 45° bend, and (&) and
() correspond the to circular dam break case. (») and (8) use first order accurate Euler time integration, and (c) and (v)

25
Domain size (megacells)

OI(©]

30 35

use second order accurate Runge-Kutta time integration.

14

1600

1400

1200

1000

800

Megacells/s

@\@O ®

600

400

200

0 5 10 15 20 25 30
Domain size (megacells)




1800 |+ 100 800 100

90 90

1600 700

80 80
1400 600
70 70
1200
500

60 60

1000

50 400 50

800

40 40

Dry cells (%)
Dry cells (%)

Megacells/s
Megacells/s
©

300

30 30
200
20 20

10 100 10

600

400

200

0 =--—0 0 0
0 1 2 3 4 5 6 7 8 0 500 1000 1500 2000 2500 3000 3500 4000

Simulation time (s) Simulation time (s)

Figure 11: Absolute performance in megacells per second of our implementation for the circular dam break case (left)
and the Malpasset dam break case (right). The domains contain 4000 x 4000 and 1099 x 439 cells respectively. The
graphs show the estimated instantaneous performance as a function of simulation time: (1) has enabled the early exit
optimization, and (2) calculates all cells. The dashed line shows the percentage of dry cells in the domain.

simulator for thirty wall clock seconds. Figure [I0] (left) clearly illustrates that small domains do not fully utilize
GPU’s processing capabilities. However, after five million cells, we see that the GPU has more or less reached the
peak performance of up-to 350 million cells per second. For the circular dam break, five million cells corresponds to
a domain sized roughly 2200 x 2200, which should give us almost 26000 blocks. The reason that we need this large
number of blocks is not only to fully occupy the GPU hardware, but also in order to make overheads, such as launching
kernels, negligible. The largest benchmark we have run is more than 33 million cells (5760 x 5760 cells for case 1),
consuming over 1.4 GB of the 1.5 GB available RAM. We also see that there is a clear difference between the square
and rectangular domains, which might seem odd. However, in our tests, we have discovered that this is not in fact due
to the shape of the domain, but rather connected to the ratio of wet to dry cells. The reason for the difference is that in
the flux function, we do not compute the flux function for dry integration points. This is not related at all to the early
exit optimization, but to the fact that we set the fluxes at integration points with h < €, to zero. Examining Figure[9]
we see that we have water in all cells in case 1, whereas we have large parts where we have no water at all for case 2.
However, in the dry parts of the second case we still have to compute all of the reconstructions before we find out that
the integration point in fact is dry. We can also see that there is a clear distinction between the first order and second
order accurate time integrator schemes: running the second order accurate scheme takes twice as long as the first order
scheme, as is expected. In Figure [I0] (right) we have enabled the early exit optimization, in which dry blocks do not
even perform the reconstructions. Compared to Figure [T0] (left), we immediately see the effect of this optimization
for both cases. For case 1, our performance more than doubles by enabling the early exit optimization, and we soon
reach a peak performance of 700 to 750 megacells per second for domain sizes larger than five megacells. For case 2,
however, we see a much more rough curve, in addition to it rising to a much higher peak performance. This is because
we have a fixed number of cells that are marked as “wet”, independent of time since small waves emerging from the
canal walls ensure that the canal is marked as wet within very few timesteps. Thus, by increasing the resolution, we
also increase the relative number of blocks that perform early exit. This illustrates that our early exit strategy is highly
suited for domains where there are large dry zones.

Figure [1 1| further shows the effect of the early exit optimization, where we show the absolute performance as
a function of simulation time. This illustrates how the propagation of the solution affects the performance. When
calculating the full domain, we see that the performance remains at around 300 megacells per second throughout the
simulation. When early exit is enabled, we see that the initial performance is much higher, and gradually decreases as
the solution progresses. This is because the waves from the dam break spread out, thus marking more and more blocks
as “wet”. For case 1 the early exit kernel eventually takes more time than the kernel that calculates all cells. However,
as we always select the fastest kernel, we are not penalized at all for enabling early exit. For the Malpasset dam
break case, on the other hand, we see that the early exit kernel always performs better. This is because the water here
follows the valley, thus marking fewer cells as “wet” (see also Figure[5] which is an actual map of “wet” blocks for the
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Malpasset case). We also here see that for the Malpasset dam break case we reach less than half of the performance of
case 1. This is largely due to the domain size which is insufficiently large to mask all overheads and fully occupy the
GPU.

We have also profiled our code using the CUDA visual profiler, which gives a rough idea of our resource utilization.
We run the circular dam break without the early exit optimization using the Runge-Kutta time integration on a 4000 x
4000 domain, which should make any overheads negligible. For this domain size, we have a 98% utilization of
the GPU. Of the 98% percent GPU utilization, our flux kernel is by far most time consuming, using 87.5% of the
runtime. Next comes the time integration kernel, with 12%, leaving less than one percent of the time spent on boundary
conditions, maximum timestep, and memory copies to set kernel parameters. For our flux kernel, however, we only
achieve an instruction throughput of 56%. This relatively low figure comes from the mismatch between the block size
and the conflicting optimization parameters. Nevertheless, this is a trade-off where we are able to implement a much
more efficient time integration kernel by having a less efficient flux kernel.

Finally, we have tested the performance impact of running real-time visualization of the results. Our implementa-
tion ensures a steady frame rate of 30 frames per second visualization, and runs as many simulation steps as possible.
For the Malpasset dam break case, for example, our simulator runs a 4000 second simulation in 27 seconds without vi-
sualization. Enabling the visualization, however, the same simulation takes only slightly more than 30 seconds, a mere
11% increase. This clearly shows that efficient utilization of GPUs can also be used to offer real-time visualization
without a major effect on the simulator performance.

5. Summary

We have presented a highly optimized implementation of the Kurganov-Petrova scheme on GPUs. The implemen-
tation has been verified and validated, showing its ability to capture both analytical and real-world shallow water flows,
even with first-order accurate time integration. Our implementation contains novel optimization techniques including
the especially efficient early exit strategy, clever application of boundary conditions, and a dramatically smaller mem-
ory footprint compared to Brodtkorb et al. [7]]. Our extensive performance benchmarks show good resource utilization,
being able to compute the first 4000 seconds of the Malpasset dam break case in 27 seconds.
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